Even as our measurements of cosmological parameters improve, the physical nature of the dark sector of the universe largely remains a mystery. Many effects of dark sector models are most prominent at very large scales and will rely on future galaxy surveys to elucidate. In this paper we compare the topological properties of the large scale dark matter distribution in a number of cosmological models using hydrodynamical simulations and the cosmological genus statistic. Genus curves are computed from z = 11 to z = 0 for ΛCDM, Quintessence and Warm Dark Matter models, over a scale range of 1 to 20h −1 Mpc. The curves are analysed in terms of their Hermite spectra to describe the power contained in non-Gaussian deformations to the cosmological density field. We find that the ΛCDM and ΛWDM models produce nearly identical genus curves indicating no topological differences in structure formation. The Quintessence model, which differs solely in its expansion history, produces significant differences in the strength and redshift evolution of non-Gaussian modes associated with higher cluster abundances and lower void abundances. These effects are robust to cosmic variance and are characteristically different from those produced by tweaking the parameters of a ΛCDM model. Given the simplicity and similarity of the models, detecting these discrepancies represents a promising avenue for understanding the effect of non-standard cosmologies on large-scale structure.
INTRODUCTION
Beginning with the measurement of high-redshift Type Ia supernavoe Riess et al. 1998) , several independent lines of observational evidence have indicated that the expansion of the universe is accelerating at the present day [e.g. baryon acoustic oscillations (Blake et al. 2011 ) and weak lensing surveys (Benjamin et al. 2007) ]. Calculations of the energy content of the universe (Planck Collaboration et al. 2016) have shown that we live in a (nearly) flat universe where matter makes up only ∼ 30% of the energy budget, most of which is in the form of non-baryonic dark matter (DM). The remaining energy, known as dark energy (DE), provides the negative pressure necessary to drive the acceleration of the universe. The ΛCDM concordance model posits that dark energy can be explained by a cosmological constant Λ that represents a uniform vacuum energy density with equation of state ρ = −p. Dark matter is thought to be composed of non-relativistic particles which interact with baryonic matter exclusively through E-mail: a.watts@physics.usyd.edu.au gravity. The enormous success of this model in explaining such features of cosmology as large-scale structure (Alam et al. 2015) , and CMB anisotropies (Bahcall et al. 1999 ) has led ΛCDM to become the Standard Model of Cosmology.
Despite its many observational successes, the ΛCDM model suffers from a number of theoretical weaknesses, namely a fine-tuning problem and a coincidence problem (Weinberg 1989) . Fine-tuning refers to the fact that if the vacuum energy density Λ is constant, its initial value has to be highly fine-tuned in order for the accelerated expansion of the universe to happen late enough for galaxies and stars to form first. The coincidence problem concerns why matter and dark energy have densities of the same order today given that for most of the universe's history one or the other should be clearly dominant. This has motivated theorists to posit either modified gravity formulations, or a dynamical form of dark energy whose strength varies with cosmic time and possibly interacts with other forms of energy in the universe (Joyce et al. 2015) . Given that baryonic matter shows little evidence of non-gravitational interaction with the dark sector, it is interesting to consider models involving the exchange of energy between dark matter and dark energy via e.g. DM particle annihilation. These "Coupled Dark Energy" (CDE) models can naturally address the theoretical problems for certain classes of interaction potentials which produce late-time accelerated expansion for initial values that vary by several orders of magnitude (Caresia et al. 2004 ).
ΛCDM has also faced problems in reproducing observed structures on sub-galactic scales, for example the number of satellite dwarf galaxies around galaxies such as our own is far below that expected from ΛCDM numerical simulations (Bode et al. 2001 ). This has led to interest in Warm Dark Matter (WDM) models, where the relativistic velocities of the dark matter particle suppress structure formation below a certain scale, thus producing fewer satellites and different halo formation properties but leaving the large-scale structure intact (Papastergis et al. 2011) . WDM has been shown to leave a surprising imprint on the smooth matter distribution at cluster scales which could subtly affect the topology (Mahdi et al. 2016) . Though solutions to ΛCDM's small-scale problems may ultimately be found in ultra-faint galaxies (Sand et al. 2015) or improved simulations (Wetzel et al. 2016) , it is interesting to consider the cosmological effect that potential WDM particles might have.
Extensive galaxy surveys have shown that on very large scales, the universe has the structure of a 'cosmic web' consisting of knots, sheets and filaments of galaxies and their associated dark matter halos. This structure is the result of gravity magnifying perturbations in the density field that were seeded by primordial fluctuations in the very early universe. The analytic and numerical predictions of the ΛCDM model are largely in agreement with observations of largescale structure. An interesting and useful tool for classifying large-scale structure is the topology or interconnectedness of underdense and overdense regions ).
Several topological methods in exist in various dimensions including Minkowski functionals, level-crossing statistics, density extrema statistics, the genus statistic -each described in Matsubara (2003) -and network approaches (Hong et al. 2016) . In particular the genus statistic has been applied extensively to observational and simulated galaxy surveys (Parihar et al. 2014; Choi et al. 2013; Speare et al. 2015; James 2012) , hydrogen distributions during reionisation (Lee et al. 2008; Wang et al. 2015) and studying the CMB (Gott et al. 2007 ). An analytic form for the genus statistic in the case of a pure Gaussian Random Field (as predicted by inflationary theories) has been derived in Bardeen et al. (1986) and so deviations from this form provide information about non-linear gravitational processes and even the primordial fluctuations from which large-scale structure evolved.
In this paper, we use the genus statistic to measure the topology for a suite of DM-only simulations based on various cosmological models. Our aim is to identify discrepancies between the models during the course of cosmic evolution and over a wide range of length-scales. In Section 2, we discuss our analysis methods and the details of our numerical simulations. In Section 3 we discuss the results of our topological comparison. Sections 4 and 5 describe avenues for further research and the consequences of these results for future observational efforts.
NUMERICAL METHODS

Topology of Large-Scale Structure
The large-scale structure of the universe can be studied mathematically in various ways. The most basic and fundamental is the two-point correlation function which gives the power spectrum: the amplitude of density fluctuations as a function of the scale. Although the power spectrum is useful in differentiating models and studying phenomena such as baryon acoustic oscillations, it only gives lower-order information about the density field and throws away a lot of information about the morphological properties of the matter distribution in the universe. In this paper we study these properties by measuring the topology of the universe in terms of the genus statistic.
When discussing topology, we are referring to the topology of 2D isodensity surfaces that divide a 3D volume of space into regions above and below a certain density threshold. This technique treats underdensities and overdensities equivalently, focussing on the boundary surface between those regions. In qualitative terms, the genus of a surface S can be defined as gS = number of holes − number of isolated surfaces + 1. (1) A sphere has no holes and 1 isolated surface, and therefore a genus of 0; a torus has one hole and 1 isolated surface, and therefore a genus of 1. The genus of large-scale structure varies in a qualitatively predictable way with the density threshold. For instance, at a low threshold this technique will form isolated boundary surfaces around the most underdense voids and hence give a negative genus number (for several unconnected spheres). Similarly, at a high density threshold everything except large clusters will be excised and the boundary surface will again topologically resemble multiple spheres centred on the clusters. At an average density, the overdense and underdense regions of large-scale structure interlock in a 'sponge-like' structure of filaments, tunnels, voids and clusters. The interlocking structure results in many holes but few isolated surfaces so this surface has a high genus number.
The computation of the genus statistic first involves mapping the continuous density field onto cubic grid cells and smoothing the distribution with a Gaussian filter. The density threshold is then calculated by sorting the threedimensional density values into a one-dimensional monotonically increasing array and choosing a density value that will excise a given fractional volume of space. If we let ν parameterize the density threshold, the fractional volume is given by
where Erfc is the conjugate error function. The value of the density threshold defines which cells are above and below the boundary surface, and can be calculated by converting the 3D density field into a 1D ordered array and moving along the array until the correct v f has been excised. The threshold is therefore given by the value in the n th cell where
and N is the total number of grid cells. The genus of the boundary surface between high-density and low-density regions is calculated according to the Gauss-Bonnet thereom which connects the topology of a polyhedral surface to the sum of the angle-deficit at each of the vertices, Dvertex = 2π − i Vi where Vi are the angles around the vertex . In practice, the angle deficit is calculated with reference to a pre-computed look-up table for all possible vertex configurations. The genus of a surface S with Gaussian curvature K is given by
For more details of the genus computation, see Gott et al. (1986) . Given that the genus for the surface is the simple sum of the deficits at the vertices, this compuation can be highly parallelized. This technique assumes periodic boundary conditions, as is the case in all of our simulations. For the patches of the sky used in observational galaxy catalogues care must be taken at the boundaries of the survey regions (James et al. 2007 ) and to correct for systematic measurement errors (James 2012) . For a Gaussian random field, the analytic formula for the genus curve is well-known (Bardeen et al. 1986 ):
where A is the amplitude of the genus curve, related to the power spectrum. This form is conserved during linear growth, meaning that primordial non-Gaussianity can still be detected today ). Deviations from the Gaussian curve can be analysed using a number of mathematical techniques including Hermite functions (James 2012) and Betti numbers (Park et al. 2013) . Following James (2012) we decompose the curves further in an orthogonal basis of Hermite functions:
where the Hermite functions ψn(ν) are weighted analogues of the Hermite polynomials:
The coefficients are calculated using a publicly available Markov Chain Monte Carlo (MCMC) parameter estimation algorithm (Foreman-Mackey et al. 2013) 1 . We also normalize the coefficients to express the size of their contribution to the spectrum,ãn = an/ m |am|. In this formalism, a pure Gaussian random field would have |ã2| = 1. The strength of the other modes quantifies the non-Gaussian distortions in the density field. In particular, odd-numbered modes produce an asymmetry in the curve that represents a relative overabundance of clusters to voids or vice versa. Higher order modes tend to have more power in the wings of the 1 emcee: http://dan.iel.fm/emcee curve and hence have less affect on structure at average densities. Matsubara (2003) also calculated approximations for weakly non-linear gravitational evolution, which occurs below a scale of about 10h −1 Mpc. To first order in the mass variance σ0
where S (0,1,2) are the skewness parameters as defined in Matsubara (2003) .
Non-Standard Cosmological Models
Although the ΛCDM model of cosmology has been very successful, several extensions to it have been developed. In this work we explore an alternative form of dark matter, Warm Dark Matter, and an alternative form of dark energy, Quintessence. We also tweak the parameters of a ΛCDM model to confirm whether the differences are due to the effects of the underlying cosmological model.
Λ Warm Dark Matter
Warm Dark Matter particles move at relativistic speeds and have large free streaming lengths. This leads to a 'smearing' of small-scale structure and suppression of power at sub-galactic scales (Bode et al. 2001; Elahi et al. 2014) . In analysing this model we hope to show that there is no topological difference at larger scales and also to provide estimates on the noise inherent in the genus calculation. A number of WDM candidates exist including thermal relics from the early universe or products of non-equilibrium decay. Observations of the Lyman-α forest at high redshift have constrained the lower limit of the energy of a thermal relic WDM particle to above 3.3 keV (Viel et al. 2013) at the 2σ confidence level. We choose a 2 keV particle (4σ C.L.) in this paper to exaggerate the cosmological effects but which should not drastically affect structure formation on the scales considered. In our model dark energy is still described by a cosmological constant. In practice, ΛWDM is implemented by multiplying the initial power spectrum with a transfer function which truncates at smaller scales for higher energy particles. For a 2 keV particle the truncation scale corresponds to 0.15h −1 Mpc (Bode et al. 2001 ), well below the scales considered in this work.
Quintessence
Extended quintessence models describe dark energy through the evolution of a scalar field φ (Joyce et al. 2015) whose Lagrangian is generically written as:
with a kinetic term, a potential term and an interaction term with the dark matter field ψm. The potential term can be chosen to produce the late time accelerated expansion we 
where φ is in units of the Planck mass and V0 and α are two constants that are fitted to observational data. The interaction term is designed to model the coupling mechanism between dark energy and dark matter. In this paper we study an 'ordinary quintessence' model where m(φ) = m0 so that there is no direct coupling between the fields but the dark energy vacuum density has become timedependent (Caresia et al. 2004 ).
Tweaked ΛCDM
We also tested the dependence of the topological analysis on some cosmological parameters, namely the current dark energy density, ΩΛ, and the matter power spectrum normalization parameter, σ8. These parameters are individually increased or decreased to the values given in Table 1 . Increasing or decreasing the dark energy density moves the redshift of matter-dark energy equality from zΩ Λ =Ωm = 0.29 to 0.60 and 0.14 respectively. As noted previously, comparing simulations with different cosmologies is difficult to do consistently. As the evolution of the scale factor depends on the underlying cosmology and parameters, the correspondence between two simulations at the same redshift requires careful interpretation. In this paper we consider the qualitative evolution of the Hermite spectra with redshift with the aim of distinguishing the general effects of a cosmological constant from those of a dynamical form of dark energy.
N-Body Simulations
Our hydronamical simulations are performed with P-GADGET-2, a modified version of the publicly available code GADGET-2 (Springel 2005 ) that is able to include non-standard dark sector physics. For details on the implementation, the reader is referred to an earlier paper (Carlesi et al. 2014 ) which adapts the numerical implementation recipes in Baldi et al. (2010) . The simulations we compare are produced with the same initial phase information so that individual objects and structures should appear at roughly the same position albeit with different density profiles depending on the power spectrum.
In the case of non-standard cosmologies we must take care in generating the initial conditions, as there is some choice in what redshift we attempt to match cosmological parameter sets to observation. We could choose to match the parameters at z = 0 or at zCMB as long as we only base our conclusions on what is being varied between simulation runs. In our model, we use cosmological parameters based on CMB observations by the Planck satellite interpreted in the context of a ΛCDM model, meaning that the redshift of the CMB is offset in our quintessence model, resulting in a modified early expansion history but giving the same σ8 and expansion rate H(a = 1) today. The growth rates are calculated using CMBEASY and are used to produce GAD-GET format initial conditions using the publicly available N-GENIC1 MPI code. By this method, we hope to identify physical properties that behave differently amongst the models as they evolve. Table 2 : Redshift and scale factor of the GADGET snapshots. Shaded rows are those used in all Hermite spectra figures throughout this paper.
To check whether our results are robust to cosmic variance we also produced several realisations of the ΛCDM and Quintessence models. We calculated the power spectra using the POWMES code 2 (results shown in Fig. 1 ). Due to the difference in early expansion history, Quintessence models will allow either more or less structure to form early (depending on the behaviour of the equation of state parameter w = −p/ρ) and hence tilt the normalised power spectrum around a characteristic scale. The accuracy of the genus statistic improves steadily with the volume of the data sample, so a large box size is crucial. We developed a highly-parallelized version of the genus calculation algorithm in order to increase the resolution of our density field and used the publicly available Fastest Fourier Transform in the West 3 to smooth the large datasets in parallel. We use a comoving box side length of 500h −1 Mpc with 1024 3 particles and the density field resolution is 1024 3 (for example, see Fig. 2 ). Each simulation is sampled over the entire cosmic evolution (see Table 2 .3) and we use Gaussian filters with a range of smoothing lengths from 1h −1 Mpc to 20h −1 Mpc. Calculating the genus of each sample uses 350 computing hours on the Raijin cluster of the National Computing Infrastructure 4 in Australia.
RESULTS
Meta-statistics
Our suite of simulations was first analyzed in terms of the genus curves (see Fig 3) . At the small end of the wavelength range the Gaussian kernel is not particularly well resolved, resulting in more clumps and hence asymmetry in the genus curve toward overdensities. At the large end of the wavelength range, the box size limits the total number of holes and surfaces to less than 50 for any given density threshold and since the genus can only take integer values the curves become progressively less smooth. The Hermite spectra of these curves can show artifical noise at higher-order modes due to this effect, but the lower order modes should still be reliable. Due to these effects we believe the results are most reliable over the range 5h −1 Mpc to 15h −1 Mpc. Given that the genus curve for a pure Gaussian Random Field (GRF) has an analytic formula, our computed genus curves can provide information about the non-Gaussian gravitational evolution through a simple comparison. It has become common to compute the following statistics proposed by Park et al. (1992 Park et al. ( , 2001 Park et al. ( , 2005 :
∆ν is known as the genus shift parameter and is positive or negative depending on how closely the topology resembles a clumpy or cellular structure respectively. Ac and Av represent the abundance of overdense regions (clusters) and underdense regions (voids) respectively, relative to a GRF without gravitational evolution. The results of our metastatistical analysis are shown in Figure 4 . The trends for each model are similar; ∆ν is positive below ∼ 10h −1 Mpc and negative above this scale, Ac and Av are greater than 1 over the range ∼ 5 − 15h −1 Mpc (higher cluster and void abundance than a GRF) and less than 1 otherwise. The discrepancies between the meta-statistics re- veal that there is little difference between the ΛCDM and ΛWDM simulations at these length-scales, as is to be expected given that ΛWDM mostly affects the properties of individual halos and their substructures rather than the cosmic web. The quintessence model, however, has less positive ∆ν below 10h −1 Mpc particularly for high redshifts, demonstrating a more cellular structure at small scales early in the history of the universe. The relative abundance of clusterlike regions is ∼ 2% higher for the quintessence model while . MCMC parameter estimation for the genus curve in Fig. 3 as a percentage of the total contribution. The analysis reveals strong correlations between all the even modes and between all the odd modes, particularly for higher order modes. There is little to no cross-correlation between even and odd modes.
for void-like regions the abundance is ∼ 1% lower (Fig. 5) . Both of these effects increase over cosmic time.
Hermite spectra
An example of the MCMC results is shown in Fig. 6 . These reveal that there are strong correlations in the coefficients between all the even modes and between all the odd modes. The correlations get stronger for higher order modes (m = 4, 5, 6), reflecting the difficulty of disentangling the higher order modes from the more fundamental ones, particularly the dominant a2. The even modes are not correlated with the odd modes at all, so the signal of asymmetries in the curve should be strong. Our results for the three models are shown in Figures 7. Darker curves represent smaller redshifts with the darkest corresponding to z = 0. We also show the residuals by subtracting the Hermite spectra from the fiducial ΛCDM model. The dominant a2 mode contributes about 80% to the genus curves, with each of the other modes contributing < 10%. All the curves evolve smoothly with wavelength and redshift.
For all the modes there is essentially no difference between the ΛCDM and ΛWDM models, in agreement with the metastatistics analysis and theoretical expectations. The Quintessence model produces interesting differences in almost all the modes. While the a0 mode evolution remains the same, the a1 contribution slowly decreases relative to the fiducial model in a nearly scale-independent manner. This negative shift in the linear mode will produce an asymmetry in the genus curves and weight them toward more clusters and fewer voids, in qualitative agreement with our metastatistics analysis, though the smooth evolution and acceler- ation of this process is much clearer in the Hermite spectra. The differences in the a2 mode are less clear cut -there is some evidence of redshift evolution but it appears to be more noisy and scale-dependent.
The differences in the higher order modes (m=3, . . . , 6) do not show substantial redshift evolution but are wavelength dependent. There is little difference between the models below 10h −1 Mpc. Above this scale, the odd modes show a negative deviation and the even modes show a positive deviation of very similar magnitude.
There is also an interesting feature in the data points at 1h
−1 Mpc, in that they appear to 'splay'. Although these measurements are approaching the cell size of our density field, the strong redshift dependence suggests that there are cosmological effects at the lower wavelength limit worth further investigation with better resolution.
We test the sensitivity of our topological analysis to cos-mic variance by producing parallel simulations of each cosmology with different initialisation seeds. The power spectra of the alternate simulations remain unchanged except at low k. The comparison of each simulation is shown in Fig 8, with the ΛWDM model omitted since the results are again nearly identical to the fiducial model. We find that the scale and redshift dependence of the Hermite coefficients is altered, though remains of the same order and qualitatively similar shape. This means we cannot interpret the individual curves as an observable result if the simulations are not first constrained by galaxy catalogues and other maps of large-scale structure. However, the differences that the Quintessence model produces are consistent between the two realisations. In particular, the scale-indepedent reduction in a1 is reproduced. Similar trends in the higher order modes are also observed, though the difference in a4 is slightly muted in the second realisation, possibly because a4 contributes less overall. Cosmic variance is a significant factor in our results, but simultaneously the robustness of our results is strengthened by examining independent simulations.
The effects of modifying the cosmological parameters of a ΛCDM model are shown in Fig 9. We focus on ΩΛ and σ8, which alter the expansion history and the scale factors at which scales go nonlinear. We see that topology is strongly effected by ΩΛ and less so by the normalisation of the matter power spectrum given by σ8. A high value for the dark energy density results in almost no redshift evolution of any Hermite spectra beyond 10h −1 Mpc, suggesting that structure on the largest scales is frozen-in at high redshift, with modest evolution on smaller scales. Conversely, a lower dark energy density accelerates the redshift evolution and produces differences in the genus curve which are approximately equal but opposite. The two cosmological parameters also negatively correlate, with increases in σ8 producing shifts in the curves in the same direction as decreases in ΩΛ. In contrast to the Quintessence model, modes other than a1 also differ to the fiducial model by similar magnitudes and across all wavelength scales. The splaying of the curves at 1h −1 Mpc is also observed in these simulations.
DISCUSSION
Understanding the differences identified in the Hermite coefficients for the cosmological realisation presented in this paper are not necessarily straight forward, but we can interpret these features in terms of their impact on large scale structure. There are no cosmological differences between the ΛCDM and ΛWDM models, at least at the energy scale of 2 keV and down to scales of 1 h −1 Mpc. At the scales we sample, it is clear that topology is insensitive to the mass-scale of the DM particle.
The Quintessence model produces topological differences that can be detected in multiple ways. Our metastatistical analysis indicates that Quintessence should have a higher abundance of cluster-like regions and lower abundance of void-like regions relative to a pure Gaussian Random Field, but the results are noisy. Analysis of the Hermite spectra reveals a similar effect in that the odd modes are typically reduced relative to the ΛCDM case with a clear dependence on redshift and more weakly on smoothing length. These results are fairly robust to the effects of cosmic variance, but the exact shape of the Hermite spectra depend on the volume being studied.
The differences produced in the Quintessence model are characteristically different to those produced by tweaking the cosmological parameters of a ΛCDM model. While simulations produced with a slightly reduced value for the current dark energy density, ΩΛ, will lead to a similar reduction in the linear Hermite mode a1, they also reduce the constant Hermite mode a0 which is not observed in the Quintessence case. They also do not reproduce the same wavelength dependence in the shifts of the higher order modes. There is some ambiguity in comparing simulations with different cosmologies and expansion histories, but we have at least identified a number of qualitative differences.
Our results indicate that in principle there are measurable differences in the topology of large-scale structure for even minor changes in the underlying dark sector model. To compare to observations, we would need to use galaxy surveys with a large survey volume and significant depth to measure the Hermite spectra accurately and map their redshift dependence. The effects of spatially-incomplete samples, flux-limited observation techniques and experimental noise will undoubtedly make signatures of dark sector physics in large-scale structure harder to identify than in simulations.
CONCLUSIONS
We have studied the topology of large-scale structure in several cosmological models using the genus statistic and its corresponding Hermite spectra. We have found that a fiducial ΛCDM model and a Λ Warm Dark Matter model with particle energy 2 keV produce nearly identical results at super-galactic scales, in line with theoretical predictions (Smith & Markovic 2011) . We also studied a Quintessence model that includes a dynamical form of dark energy rather than a cosmological constant. Since our simulations have no baryons, the Quintessence model differs from the ΛCDM model only in its expansion history. We found several differences including higher cluster abundances and lower void abundances, a redshift-dependent reduction in the linear Hermite mode contribution and soeme weakly wavelengthdependent effects in higher order modes. These differences are moderately robust to cosmic variance and are characteristically different from the effects of tweaking several parameters of a ΛCDM model.
Given the similarity of these dark-matter only models, we expect to see more pronounced differences once gas physics is included in the simulations. Our next step is to study the models including baryons over a wide parameter range that includes the strength of the dark sector coupling and the energy of the WDM particle. The question of the detectability of the topological signatures of non-standard cosmologies in current and future large sky surveys has yet to be addressed; we leave this for a future contribution. the Sydney Institute for Astronomy (SIfA), DP130100117 and DP140100198, ARC Discovery Projects awarded to GFL and CP. This research was undertaken on the NCI National Facility in Canberra, Australia, which is supported by the Australian Commonwealth Government, with resources provided by Intersect Australia Ltd and the Partnership Allocation Scheme of the Pawsey Supercomputing Centre. The authors acknowledge the University of Sydney HPC service at The University of Sydney for providing HPC resources in the form of the Artemis Supercomputer 5 that have contributed to the research results reported within this paper. Mpc) Figure 9 . Hermite spectra for modes m=0, 1, 2, 3 for several realisations with different parameter values as given in Table 1 . Note that the magnitude scale on the residuals plots has increased from 2% to 5%.
